Abstract-A 2-D spectrum for bistatic synthetic aperture radar is derived in this letter. The derivation is based on the commonly used mathematic principles such as the method of stationary phase and the Fourier transform and the Lagrange inversion theorem in order to find the point of stationary phase in the method of stationary phase. Using the Lagrange inversion theorem allows minimizing the initial assumptions or the initial approximations. The derived 2-D spectrum is compared with the commonly used 2-D spectrum to verify it and illustrate its accuracy.
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I. INTRODUCTION

B
ISTATIC synthetic aperture radar (BiSAR) is used to indicate SAR systems whose transmitter and receiver(s) are separated. This geometry brings BiSAR systems some unique characteristics such as flexibility in design, optimized vulnerability, 3-D imaging capability, and specially enhanced classification of targets. The reconstruction of SAR scenes from BiSAR echoes is based on algorithms which can be divided into two: time and frequency domain. The former refers to the backprojection algorithms [1] , where all calculations are implemented in time domain. On the contrary, all processing steps of the latter such as range Doppler (RD) [2] and chirp scaling (CS) [3] are performed in one-and/or two-dimensional frequency domain. Since fast Fourier transform (FFT) is always utilized in these algorithms, they are also called FFT-based algorithms. Regardless of the limits of the frequency algorithms in, e.g., signal bandwidth, pulse repetition frequency, integration time, and so forth, the frequency algorithms are still good candidates for BiSAR processing, owing to its benefit of processing time.
Let us have a look at the BiSAR frequency-domain algorithms. The frequency-domain algorithms are usually developed on 2-D spectra for BiSAR, or in other words, a 2-D spectrum for BiSAR is a key for the frequency-domain algorithm development. For this reason, the derivation of 2-D spectra for BiSAR is of great interest to the researchers in the field. The first BiSAR spectrum is Loffeld's bistatic formula [4] . Its extended version showing better performance is introduced in [5] . Another BiSAR spectrum is then derived in [6] with the name of the 2-D spectrum for BiSAR processing based on series reversion. This spectrum is the basis for the RD and CS algorithms [2] , [3] . Recently, several new spectra which can also be used for the algorithm development have been reported [7] - [9] in which the Legendre polynomial expansion [7] and the Chebyshev polynomial expansion [9] have been proposed to replace the commonly used Taylor expansion in the derivations. The aim of this study is to derive a new 2-D spectrum for BiSAR based on the commonly used mathematic principles such as the method of stationary phase and the Fourier transform. The point of stationary phase in the method of stationary phase is found by the Lagrange inversion theorem which is considered the crucial contribution of the study.
II. BISAR SIGNAL MODEL
Let us consider a BiSAR system with the transmitter and the receiver separated in two different platforms. The BiSAR geometry is illustrated in Fig. 1 , where the velocities of the platforms are arbitrary. The BiSAR system is assumed to utilize chirp pulses. After demodulation to baseband, radar echo, which is reflected from a pointlike scatterer in the illuminated ground scene, is expressed as
where t and τ are azimuth and range time, w az (·) and w r (·) are the range and azimuth envelopes, f c is the center frequency, κ is the chirp rate, and R(t) is the range time-dependent bistatic range-the two-way traveling distance of the chirp signal from the transmitter impinging on a target on the SAR scene and scattered back to the receiver. With the BiSAR geometry given in Fig. 1 , the bistatic range is calculated using the law of cosines as
where the subscripts T and R imply the transmitter and receiver, respectively. Hence, v T and v R are the speeds of the platforms and ρ T and ρ R are the ranges corresponding to the initial coordinates of the platform, i.e., t = 0, θ T , and θ R are the angles formed by ( v T , ρ T ) and ( v R , ρ R ), respectively. The Fourier transform in the range of (1) using the method of stationary phase is similar to the one for monostatic case and can be easily proved to be
where W r (·) represents the radar signal spectrum. However, the Fourier transform in the azimuth of (3) to obtain a 2-D spectrum for BiSAR is more complicated in comparison with the monostatic case due to the double square root given by (2) in (3).
III. DERIVATION OF TWO-DIMENSIONAL SPECTRUM FOR BISAR
The 2-D spectrum for BiSAR is the Fourier transform in the azimuth of (3) and is found from the Fourier integral
Substituting (2) into (3) and then (3) into (4), the phase in the Fourier integral (4) will be given by
According to the method of stationary phase, the integral (4) can be approximately estimated by
where W az (·) refers to the Doppler spectrum andt is the point of stationary phase and the root(s) of the following equation:
Equation (7) can easily be rewritten as
Solving (8) to find the expression of the point of stationary phaset requires much effort. However, we can use the Lagrange inversion theorem to find approximate solutions fort. As we see in (8) , f t is a function oft, i.e., f t = h(t).
According to the Lagrange inversion theorem, if h is analytic at a pointt 0 and its first derivative h (t 0 ) = 0, then it is possible to invert or solve the equation fort, i.e.,t = g(f t ) on a neighborhood oft 0 , where g is analytic at the point h(t 0 ). The series expansion of g is given by
It is obvious that there are different ways to find the function g(f t ) based on the selection oft 0 . In this letter, we present only one solution for g(f t ). Let us consider the simple valuet 0 = 0. For relatively short apertures, the function h(t) is analytic at the pointt 0 = 0 since R(t) calculated by (2) can be locally given by a convergent power series [6] . The first derivative of h(t) is expressed by
and the value of the first derivative of h at the pointt = 0
(11) It is therefore possible to solve the equation fort = g(f t ) on a neighborhood oft 0 = 0 and (9) is reduced to
where
Since the point of stationary phaset = g(f t ) is a power series, its accuracy is controlled by the number of terms. For example, if we consider the terms in (12) up to the third-order, the point of stationary phase will be given bỹ
The finding the limits in (14) are presented in the Appendix. The final expression for the point of stationary phase up to the third order is given bỹ
The simulation results presented in the next section shows that (12) is useful with the consideration up to the third order. Substituting the point of stationary given by (15) into (6) results in the 2-D spectrum for BiSAR.
The differences between the derived spectrum and the one introduced in [6] can be seen from two major points. The first one is that the derived spectrum in this letter does not require an expansion for the square roots in (5) . The second one is that the point of stationary phase is found directly by the Lagrange inversion theorem without intermediate steps such as the linear term removal and the shift in time domain in the case where the method of series reversion is used.
IV. SIMULATION RESULTS
To verify and illustrate the accuracy of the 2-D spectrum for BiSAR introduced in the previous section, it is common knowledge to carry out these tasks in the following steps. First, a BiSAR data set of a single pointlike scatterer is simulated in the time domain. Second, the data set is transformed to 2-D frequency domain. Third, the matched filtering for the data set is performed in 2-D frequency domain using the proposed 2-D spectrum for BiSAR based on the Lagrange inversion theorem and the ideal 2-D spectrum which can be obtained with the conjugate complex of the data set. The matched filtering can also performed using other 2-D spectra, e.g., the 2-D spectrum for BiSAR based on series reversion derived in [6] . This helps to give a better evaluation for the 2-D spectrum for BiSAR introduced in this study. Fourth, the matched filtering data sets are transformed back to time domain. Finally, the differently focused results of the pointlike scatterer are examined.
As indicated in the simulation results in [10] , the focusing is strongly affected by the integration time. It is necessary to take this issue into account in the verification and illustration of the accuracy of the introduced 2-D spectrum. Hence, we need only to use a single set of parameters to simulate a BiSAR system and change the integration time of that simulated SAR system. The increase in integration time is nothing else than the increase in aperture length or, in other words, the increase in the number of aperture positions. However, the increase in the number of aperture positions is limited since this may violate the analytic Fig. 2 . Focusing results of the pointlike scatterer in Case I using (a) ideal two-dimensional spectrum, (b) two-dimensional spectrum for BiSAR based on Lagrange inversion theorem, and (c) two-dimensional spectrum for BiSAR based on series reversion. characteristic of h(t) att = 0. In the following simulations, the LORA's parameter set configured for ground moving target indication purposes is used for the transmitter while the motion parameters of CARABAS-II for the receiver. Table I provides this set of parameters. There are three values for the number of aperture positions to be used: 6001-the original value-and 15001-the modified values. They correspond to Case I and Case II, respectively. The platforms' direction of movements are arbitrarily selected by 5
• for the transmitter and 45
• for the receiver.
A. Case I
For Case I, the aperture length is 6000 × 0.1 m = 600 m. The ratio of aperture length to the minimum range with respect to the transmitter is 600 m/6000 m = 0.1. A similar ratio can be obtained with respect to the receiver. Such value is small enough to ensure that the function h(t) is analytic at the pointt 0 = 0. Fig. 2 shows the focusing results of the pointlike scatterer using the ideal two-dimensional spectrum of the point-like scatterer, the spectrum for BiSAR based on Lagrange inversion theorem, and the one based on series reversion for matched filtering in 2-D frequency-domain. To observe the focusing results easily, we show only the center parts of the processed signal matrices. As shown in Fig. 2 , there is almost no difference between the focusing results using three different spectra for matched filtering. This verifies the 2-D spectrum for BiSAR based on the Lagrange inversion theorem introduced in this study.
B. Case II
For Case II, the aperture length is increased up to 15000 × 0.1 m = 1500 m. The ratio of aperture length to the minimum range with respect to the transmitter therefore increases to 1500 m/6000 m = 0.25. Such value is quite large but still sufficient to ensure that the function h(t) is analytic at the point t 0 = 0. The focusing results of the pointlike scatterer using a different 2-D spectrum are given in Fig. 3 . These results indicate that both the 2-D spectrum based on the Lagrange inversion theorem and the one based on series reversion for matched filtering in 2-D frequency domain still work. However, as seen in Fig. 3 , the performance of the former is a little better than the latter. Hence, a small defocusing can be observed from Fig. 3(c) while the focusing results given in Fig. 3(a) and (b) are still very similar. This can be explained by the approximations for R(t) in the derivation of the 2-D spectrum based on series reversion [6] . To get a better evaluation, we can extract the azimuth vectors from Fig. 3(a) -(c) and plot them in the same 2-D graph. This 2-D graph is shown in Fig. 4 , and it clearly illustrates the performance of the 2-D spectrum based on the Lagrange inversion theorem introduced in this study in comparison with the ideal spectrum and the 2-D spectrum based on series reversion. The assessments based on half-power beamwidth (HPBW), integrated sidelobe ratio (ISLR), and peak sidelobe ratio (PSLR) are summarized in Table II and again indicate the good performance of the introduced spectrum.
V. CONCLUSION
A new 2-D spectrum for BiSAR based on the Lagrange inversion theorem has been introduced in this letter. Aside from the commonly used mathematic principles such as the method of stationary phase and the Fourier transform, the spectrum is derived with the help of the Lagrange inversion theorem. This allows avoiding the initial approximations which are usually used in the derivation of other spectra. The proposed spectrum is only one of the different possible spectra which can be derived based on the Lagrange inversion theorem. With a comparison of the proposed spectrum with others-the ideal spectrum and the spectrum based on series reversion, the proposed spectrum has been verified and its accuracy has been illustrated.
APPENDIX
Let us consider the first limit of (14) where the limit of the numerator 
The first limit in (14) has the form 0/0. One possibility to find such limits is to utilize L'Hopital's rule. The rule states that 
